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Qd(p)-FREE RANK TWO FINITE GROUPS ACT FREELY ON A 
HOMOTOPY PRODUCT OF TWO SPHERES 


MICHAEL A. JACKSON 

Abstract. A classic result of Swan states that a finite group G acts freely on a finite 
homotopy sphere if and only if every abelian subgroup of G is cyclic. Following this result, 
Benson and Carlson conjectured that a finite group G acts freely on a finite complex with 
the homotopy type of n spheres if the rank of G is less than or equal to n. Recently, Adem 
and Smith have shown that every rank two finite p-group acts freely on a finite complex with 
the homotopy type of two spheres. In this paper we will make further progress, showing that 
rank two groups that are Qd(p)-free act freely on a finite homotopy product of two spheres. 
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1. Introduction 

Recall that the p-rank of a finite group G, rkp(G), is the largest rank of an elementary abelian 
p-subgroup of G and that the rank of a hnite group G, rk(G), is the maximum of rkp(G) taken 
over all primes p. We can define the homotopy rank of a finite group G, h(G), to be the min¬ 
imal integer k such that G acts freely on a finite CW-complex Y ~ x x ■ ■ ■ x S”'®. 
Benson and Carlson [2] state a conjecture that for any finite group G, rk(G) = h(G). The 
case of this conjecture when G is a rank one group is a direct result of Swan’s theorem Q. 
Benson and Carlson’s conjecture has also been verified by Adem and Smith nm in the case 
when G is a rank two p-group. In addition, recall that Heller pH] has shown that for a finite 
group G, if h(G) = 2, then rk(G) = 2. In this paper we will verify this same conjecture for 
all rank two groups that do not contain a particular type of subquotient. 

Before we state our main theorem, we need two dehnitions. 

Definition 1. A subquotient of a group G is a factor group H/K where H, K G G with 
K <iH. A subgroup L is said to be involved in G if L is isomorphic to a subquotient of G. In 
particular, for a prime p, we say that L is p'-involved in G if L is isomorphic to a subquotient 
H /A of G where K has order relatively prime to p. 

Definition 2. Let p be a prime and A be a rank two elementary abelian p-group. E is then 
also a two-dimensional vector space over Fp. We define the quadratic group Qd(p) to be the 

semidirect product of E by the special linear group SL 2 (¥p). 
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A classic result of Glauberman shows that if for some odd prime p Qd(p) is not involved 
in a hnite group G, then the p-fusion is controlled by the normalizer of a characteristic p- 
subgroup HHHH!. Although we do not directly use Glauberman’s result here, there are some 
connections as p-fusion plays a integral role in our investigation (see Remark ESI). We can 
now state our main theorem. 

Theorem 3. Let G be a finite group such that rk(G) = 2. G acts freely on a finite CW- 
complex Y ~ x unless for some odd prime p, Qd{p) is p'-involved in G. 

The following corollary, which can also be shown using more direct methods, follows imme¬ 
diately from Theorem El 

Corollary 4. If G is a finite group of odd order with rk(G) = 2, then G acts freely on a 
finite CW-complexY ~ x 

I am grateful to Radha Kessar for her help in clarifying the argument in Section El as well as 
pointing out some relevant connections to group theory. I would also like to thank Antonio 
Viruel and Antonio Diaz for helpful comments, which aided in the completion of the proofs 
in Section m 


2. Preliminaries 

Recall that Adem and Smith have shown that if G is a rank two p-group, then h{G) = 2 
DU In their proof they use the following theorem: 

Theorem 5 (Adem and Smith [2]). Let G be a finite group and let X be a finitely dominated, 
simply connected G-CW complex such that every isotropy subgroup has rank one. Then for 
some integer N > 0 there exists a finite CW-complex Y ~ x X and a free action of G on 
Y such that the projection Y ^ X is G-equivariant. 

In the present work, we apply Theorem El for a rank two group by hnding an action of the 
group on a GW-complex X ~ S'"" such that the isotropy subgroups are of rank one. Adem 
and Smith in 12] also developed a sufficient condition for this type of action to exist. 

To explore this sufficient condition, we start by letting G be a finite group. Given a G- 
GW complex X ~ there is a fibration X ^ X Xg EG BG. This fibration gives an 

Euler class which is a cohomology class in H^{G). This cohomology class is the trans¬ 
gression in the Serre spectral sequence of the fundamental class of the fiber. Regarding this 
class, Adem and Smith made the following definition: 

Definition 6 (Adem and Smith |2|). Let G be a finite group. The Euler class /3 of a G-GW 
complex X ~ is called effective if the Krull dimension of H*{X Xq EG, Fp) is less than 
rk(G) for allp||G|. 

Adem and Smith have proven the following lemma characterizing effective Euler classes: 
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Lemma 7 (Adem and Smith [2]). Let (3 G H^{G) be the Euler class of an action on a finite 
dimensional X ~ (3 is effective if and only if every maximal rank elementary abelian 

subgroup of G acts without stationary points. 

Remark 8. By applying Lemma [7| and Theorem 0 we see that any hnite group of rank two, 
having an effective Euler class of an action on a hnite dimensional X ~ acts freely on 

a hnite CW-complex E ~ S™ x 

We now make a topological dehnition that will allow us to classify certain actions on homotopy 
spheres. 

Definition 9. Consider the set of maps from a space X to a space Y. Two such maps / 
and g are called homotopic if there exists a continuous function iL : X x [0,1] —> X such 
that for all x E X, H{x, 0) = f{x) and H{x, 1) = g{x). This induces an equivalence relation 
on the set of maps from X to Y, which makes two maps equivalent if they are homotopic. 
The resulting equivalence classes are called homotopy classes of maps from X to X; the set 
of such classes is denoted [X, X]. 

Recall that for a group G, BG is the classifying space of G. Also [BG, BU{n)] repre¬ 
sents the homotopy classes of maps from BG to BU{n), which may also be written as 
TToB-omlBG, BU{n)) (see P2])- In addition, recall that [BG, BU{n)] is isomorphic to the 
set of isomorphism classes of rank n complex vector bundles over BG. In this discussion, 
complex vector bundles over BG will be thought of as elements of [BG, BU{n)\. 

Recall that the Euler class of the universal bundle over BU{n) is the top Chern class, which 
lies in H‘^"'{BU{n)). We will call this class f. A map ip : BG BU{n) induces a map 
ip* : H‘^"'{BU{n)) H‘^^{BG) = Thus the image of f under p* is the Euler class 

of the vector bundle over BG that corresponds to p. Let (3^ = p*(0 b® this class, which is 
the Euler class of a G-CW complex that is the unit sphere bundle of the vector bundle. This 
G-CW complex is the hber as discussed at the outset of Section |21 Recall that if p and p are 
homotopic maps from BG to BU{n), then (3^ = (3p, therefore, the Euler class of a homotopy 
class of maps is well dehned. 

Recall that G is a hnite group, p is a prime dividing the order of G, and Gp is a Sylow 
p-subgroup of G. In addition we will use Char„(Gp) to represent the set of degree n complex 
characters of Gp and will let Char^(Gp) represent the subset consisting of those degree n 
complex characters that are the restrictions of class functions of G. Also we use the notation 
Rep(G, U{n)) for the degree n unitary representations of the group G, which is given by the 
equality Rep(G, f/(n)) = Hom(G, G(n))/Inn(G(n)). Recall that Dwyer and Zabrodsky [12] 
have shown that for any p-subgroup P, 

Char„(P) = Rep{P,U{n)) ^ [BP,BU{n)] 


4 


MICHAEL A. JACKSON 


where the map is p i—>■ Bp. So if p is a map BG BU{n) and if P is a p-subgroup of G for 
some prime p, (p|bp is induced by a unitary representation of P. The following proposition 
gives the characterization of effectiveness for the Euler class 

Proposition 10 (PJ section 4]). An Euler class (3^ is effective if and only if for each el¬ 
ementary abelian subgroup E of G with rk(P) = rk(G), there is a unitary representation 
A : P —>■ U{n) such that both ipE = BX and A does not have the trivial representation as one 
of its irreducible constituents. 

As we proceed we will want to work separately with each prime. Dehnition ITTI will be useful 
in this endeavor. 

Definition 11. Let G be a hnite group. The Euler class is called p-effective if for each 
elementary abelian p-subgroup P of G with rk(P) = rk(G) there is a unitary representation 
A : P — >■ U{n) such that both ipE = BX and A does not have the trivial representation as one 
of its irreducible constituents. 

Remark 12. It is clear then that (3^, is effective if and only if it is p-effective for each p||G|. 
Also if rkp(G) < rk(G), then any {3^ is p-effective since it trivially satishes Dehnition ITTI 
therefore, we can restate Proposition (3^ is effective if and only if it is p-effective for each 
prime p such that rkp(G) = rk(G). 

Dehnition usi concerns the characters of subgroups of G. 

Definition 13. Let H C G be a subgroup. Let y be a character of H . We say that y 
respects fusion in G if for each pair of elements h, k E H that are conjugate in the group G, 
X{h) = x{k). 

Remark 14. Let H G. A sufficient condition for a character of H to respect fusion in G 
is for the character to be constant on elements of the same order. 

Notice that for y G Char„(Gp), y respects fusion in G if and only if y G Char^(Gp). In a 
previous paper (SHI, the author has shown the following theorem. 

Theorem 15 (Jackson pUl Theorem 1.3]). If G is a finite group that does not contain a rank 
three elementary abelian subgroup, then the natural mapping 

fie : [BG, BU{n)] JJ Char^(Gp) 

p |G| 

is a surjection. 

Combining Theorem and Dehnition m we get the following theorem. 

Theorem 16. Let G be a finite group with rk(G) = 2, p a prime dividing |G|, and Gp a 
Sylow p-subgroup ofG. If there is a character x of Gp that respects fusion in G and has the 
property that [yl^;, 1^;] = 0 for each E Gp elementary abelian with rk(P) = 2, then there is 
a complex vector bundle over BG whose Euler class is p-effective. 
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Remark 17. Let p be a prime, Gp a p-group of rank n, and x a character of Gp. A snfficient 
condition to guarantee that [x|e, 1e] = 0 for each E G Gp elementary abelian with rk(£') = 
rk(Gp) is that x(l) = c(p” — 1) and x(fi') = —c for each element of Gp of order p. In this case, 
x\e = c(p — 1) where p is the regular character of the group E. 

Theorem cni leads to dehnition d 

Definition 18. Let G be a hnite group, p a prime dividing |G|, and Gp a Sylow p-subgroup of 
G. A character y of Gp is called a p-effective character of G under two conditions: x respects 
fusion in G; and for each E O Gp elementary abelian with rk(£') = rk(G), [x\ei 1a] = 0. 

Remark 19. Let G be a hnite group, p a prime dividing |G|, and Gp a Sylow p-subgroup of 
G. A character x of Gp is p-effective if x is both constant on elements of the same order and 
[x\ei 1a] = 0 for each E O Gp elementary abelian with rk(£') = rk(G) . This follows from 
Remark d 

Applying Dehnition Theorem dl can be restated as follows: If G has a p-ehective charac¬ 

ter, then there is a complex vector bundle over BG whose Euler class is p-ehective. 


We have now essentially proved Theorem 12111 which is a modihed form of a theorem by 
Adem and Smith |21 Theorem 7.2], 

Theorem 20 (See j21 Theorem 7.2]). Let G be a finite group with rk(G) = 2. If for each 
prime p dividing the order of G there exists a p-effective character of G, then G acts freely 
on a finite CW-eomplex Y ~ x 


Proof. For each prime p dividing the order of G, let Xp be a p-ehective character of G. There 
exists an integer n such that Xp(l) divides n for each p dividing the order of G giving 
, n n n 


Xpi(l) ^^'’Xp2(l) Xp,(l) 


■ XpJ e Y[ Char(:(Gp 


|G| 


By Theorem ITbl there exists an element <p G [BG, BU{n)] such that 

n n n 


'fcip) = 


Xpi(l) ^^'’Xp2(l) 


■ Xp2 


Xpfe(l) 


■ ^Pk 


The Euler class of the homotopy class <p is then an ehective Euler class of G. Theorem 
then follows from Remark |H1 □ 


Theorem 1201 reduces the problem of showing that a rank two hnite group G acts freely on 
a hnite CW-complex Y ~ x to the problem of demonstrating that for each prime 
p there is a p-ehective character of G. It is important to state that not all rank two hnite 
groups have a p-ehective character for each prime p. An example of a hnite group that does 
not contain a p-ehective character for a particular prime is given in the following remark, 
which will be proven in Section (HI 
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Remark 21. Let p be an odd prime. The group PSL 3 {¥p) does not have a p-effective 
character. 

The groups PSL 3 {¥p), for odd primes p, are the only finite simple groups of rank 2 that were 
not shown by Adem and Smith to act freely on a finite CW-complex Y ~ x IHEI- 

3. A SUFFICIENT CONDITION FOR p-EFFECTIVE CHARACTERS 

In Sectional we establish a sufficient condition for the existence of a p-effective character by 
first recalling the following definitions. 

Definition 22. Let G be a finite group and H and K subgroups such that H (Z K. We say 
that H is strongly closed in K with respect to G if for each g E G, gHg~^ Ci K Z H. 

Remark 23. Let G be a finite group and H and K subgroups such that H Z K. We say that 
H is weakly closed in K with respect to G if for each g E G with gHg~^ Z K, gHg~^ = H. 
For a subgroup H of prime order, H is strongly closed in K with respect to G if and only if 
H is weakly closed in K with respect to G. 

Definition 24. Let P be a p-group. We use fli(P) to denote a p-subgroup of P generated by 
all of the order p elements of P. In particular, if P is abelian, fli{P) is elementary abelian, 
and if P is cyclic, then fli{P) has order p. 

Lemma 25. If E is an elementary abelian subgroup of a p-group P, then {E,Qi{Z{P))) is 
an elementary abelian subgroup of P. In particular, if E is a maximal elementary abelian 
subgroup of P under inclusion, then Qi{Z{P)) Z E. 

Proof. Let Z = Vti{Z[P)). Since Z is central, the subgroup {E,Vti{Z{P))) is abelian. The 
product is generated by elements of order p and so must be elementary abelian. □ 

Corollary 26. Let P be a p-group with rk(P) = rk(Z(P)). VLi{Z{P)) is the unique elemen¬ 
tary abelian subgroup of P that is maximal under inclusion. In addition, fii(P) = Qi{Z(P)), 
and Qi{Z{P)) is strongly closed in P with respect to G. 

Proof. If P is a maximal elementary abelian subgroup of P under inclusion, then Qi{Z{P)) C 
E by Lemma ESI Equality holds since rk(P) < rk(P) = rk(r2i(Z(P))). □ 

Again we let p be a prime dividing the order of a finite group G and let Gp E Sylp(G). We 
show that if there is a subgroup of Z{Gp) that is strongly closed in Gp with respect to G, 
then G has a p-effective character in the following proposition. 

Proposition 27. LetG be a finite group, n = rk(G), p aprime divisor of \G\ withikp{G) = n, 
and Gp a Sylow p-subgroup of G. If there exists H Z Z{Gp) such that H is non-trivial and 
strongly closed in Gp with respect to G, then G has a p-effective character. 
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Proof of Proposition^^ Let PI C Z{Gp) such that H is non-empty and strongly closed in 
Gp with respect to G. Let K = So there is an i < n with K = [fLlplPf. Let 

X = Zlv<G 7 rr(A)\{iK} V’; therefore, [xAk] = 0. Let (p = Ind/y. Notice that for each 
y ^ K \ {e}, x{y) = [ISl 4.2.7.ii]. In addition since K C Z{Gp), (p{y) = —[Gp : K] 
for each y E K \ {e} uni 4.4.3.i]. K is strongly closed in Gp with respect to G because H is 
strongly closed in Gp with respect to G. tp respects fusion in G; therefore, for each z G Gp\K, 
p{z) = 0. 


Let E he a subgroup of Gp such that E = (Z/pZ)^. By Lemma 123 K E since K C 
Qi{Z{Gp)). Now suppose 3 E Gp such that both E = (fZ/pZY and [(pIe,!^] > 0. 
K C Vti{Z{Gp)) implies that K (1 E; therefore, [{(p\e)\k, 1a] > 0. Note that {(p\e)\k = p\k 
and that ip\k = [Gp : K]x', thus [p\k^ 1a] = [Gp : K][x, 1a] = 0. This is a contradiction show¬ 
ing that if E is an elementary abelian p-subgroup of Gp of rank u, [p\e, 1a] = 0; therefore, ip 
is a p-effective character of G. □ 

We also prove a Corollary to Proposition 071 

Corollary 28. Let G be a finite group, p a prime divisor of |G| with rk(G) = rkp(G) = n, 
and Gp a Sylow p-subgroup ofG. //rk(Z(Gp)) = n, then G has a p-effective character. 

Proof. By Corollary EHl ^i{,Z{Gp)) is strongly closed in Gp with respect to G. Corollary OHl 
then follows from Proposition EZl □ 

In Sections El and El we look at the possible types of rank two groups where this sufficient 
condition holds. In Section El we look at the case where p is an odd prime, while in Section El 
we examine the case where p = 2. 


4. Odd primes 

When p is an odd prime and rkp(G) = 2, we show that if the sufficiency condition of Propo¬ 
sition EH does not hold, then Qd(p) must be p'-involved in G. 

Before we list the next theorem, we need two dehnitions as well as a lemma. 

Definition 29. Let P C G be a p-subgroup. P is said to be p-centric if Z{P) is a Sylow 
p-subgroup of Gg{P)- Equivalently, P is p-centric if and only if Gg{P) = Z{P) x G'q{P) 
where G'q{P) is a p'-subgroup. 

Definition 30 (see HZI)- Let P C G be a p-centric subgroup. P is said to be principal 
p-radical if Op{Ng{P)/PGg{P)) = {!}. 

Lemma 31 (Diaz, Ruiz, Viruel |1 01 Section 3]). Let G be a finite group and p > 2 a prime 
with rkp(G) = 2. Let Gp G Sylp(G) and P be a principal p-radical subgroup of G. If P Gp 
and if P is metacyclic, then P = Z/pn x Z/pn with either p = 3 or n = 1. 
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The lemma above follows from Corollaries 3.7 and 3.8 as well as Proposition 3.12 of uni . 
The argument in CD] is written in the language of fusion systems, but it can be applied to 
hnite groups, which gives Lemma We also make use of the following well known lemma, 
which appears in uni. 

Lemma 32 (uni Lemma 3.11]). Let G be a subgroup of GL 2 {p) for an odd prime p. If 
Op(G) = {1} and if p divides the order of G, then SL 2 {p) C G. 

Lemma 33. Let H be a finite group and p an odd prime such that OpfH) = {1} and 
CuiOp^H)) C Op{H). If Op{H) is homocyclic abelian of rank two and is not a Sylow p- 
subgroup of H, then H has a subgroup isomorphic to Qd(p). 

Proof. Let P = Op{H) = Z/pn x TLjp^. We may consider the group of automorphisms 
Aut(Z/pn X 'Llpn) as two by two matrices with coefficients in Z/pn and with determinants not 
divisible by p. Reduction modulo p gives the following short exact sequence of groups: 

1 —Q —> Aut(Z/pn X Z/pn) GL 2 (Fp) —> 1 

with Q ap-group. Notice that H/P C Aut(Z/pn xL/p^). QPH/P = {1} because Op{H) = P; 
therefore, p is an injection when restricted to H/P. Notice that p{H/P) has order divisible 
by p, due to P not being a Sylow p-subgroup of H; thus, by Lemma 021 SL2 (p) C p{H/P). 
A restriction of p is now an isomorphism between a subgroup of iC of H/P and SL 2 {¥p). Let 
a E K he preimage under p of the scalar matrix with —1 diagonal entries in S'L 2 (Fp). Let 
TT be the quotient map H ^ H/P. We see that a has a preimage under tt that has order 2. 
Call this preimage (I. P can be viewed as two-dimensional vector space over Fpn where p" is 
the exponent of P. Notice that (3 acts on elements of P by scalar multiplication by —1 so it 
has no nontrivial hxed points in P. Let G be the centralizer of /3 in TT. 7r|c is an isomorphism 
since G (1 P = {1}. Also K C 7r(C') because K is contained in the centralizer of a = 7r(/3) in 
H/P. It follows that G has a subgroup L isomorphic to K, hence, isomorphic to S'L 2 (Fp). 
(L, f2i(P)) is a subgroup of H, which is isomorphic to Qd(p). □ 

Remark 34. Notice that the hypothesis of Lemma EHl which states that OpfH) = {1} and 
Gh{Op{H)) C Op{H) implies that H is p-constrained. 

Theorem 35. Let G be a finite group and p > 2 a prime with rkp(G) = 2. Let Gp G Sylp(G). 
If fli{Z{Gp)) is not strongly closed in Gp with respect to G, then Qd(p) is p'-involved in G. 

Proof. Notice that rk(Z(Gp)) = 1 by Corollary 12(11 Let Z = Pti[Z{Gp)). By hypothesis, Z is 
not strongly closed in Gp with respect to G. Recall that Alperin’s Fusion Theory [H] states 
that given a weak conjugation family JF, there exists an (S', T) E IF with Z <E S Gp and with 
Z not strongly closed in S with respect to T. The collection of all pairs {P, Ng{P)), where 
F C Gp is a principal p-radical subgroup of G, is the weak conjugation family of Goldschmidt 
flHl Theorem 3.4] (see also [20] )• There exists F C Gp that is a principal p-radical subgroup 
of G with Z <E P and with Z not strongly closed in F with respect to Ng{P). Notice that 
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Z ^ P ^ Gp and that rkp(Z(P)) = rkp(P) = 2, in particular p\[Ng{P) ■ P]. Using the 
classihcation of rank two p-groups for odd primes p by Blackburn [S] (see also cnum) , we 
notice that P must be metacyclic since rkp(Z(P)) = 2. By T^emma ITTI P = Z/pn x Z/pn 
with either p = 3 or n = 1. Now consider the group H = Ng{P)/C'q{P). We want to show 
that H satisfies the conditions of Lemma IHHl Let P = (PCg(P))/C'g(P). First Op{H) = P 
because P is principal p-radical. Next let K = Op'{H). K and P are both normal in H with 
trivial intersection, so K Ch{P) and K = {1}. P is not a Sylow p-subgroup of H because 
P 7 ^ Gp. Since P is p-centric and no p' elements of P commute with P, Gh{P) ^ P. Now 
applying Lemma ESI we can state that H has a subgroup Q isomorphic to Qd(p). Q is thus 
a subquotient of G obtained by taking a p' quotient, and Qd(p) is p'-involved in G. □ 

We point out here some connections between the results of Theorem ESI and previous work 
by Adem and Smith [2j. Notice that Theorem ESI and Proposition l?fl imply that any rank 2 
group G that does not have Qd(p) p'-involved in G, has a p-effective character. A p-group 
P is called a Swan group if for any group G containing P as a Sylow p-subgroup, the mod- 
p cohomology ring H*{G) is equal to H*{Ng{P)) = . A group with a Sylow 

p-subgroup that is a Swan group has been shown to have a p-effective character by Adem 
and Smith j21 Section 6]. Dietz and Glauberman (see |22]) have shown that any odd order 
metacyclic group is a Swan group. In addition, Diaz, Ruiz and Viruel HDl have shown that 
if P is a rank 2 p-group for p > 3, P is Swan unless it is isomorphic to a Sylow p-subgroup 
of Qd(p). They also demonstrate that some rank two 3-groups of maximal class are Swan. 

Remark 36. The results this section are connected to the work of Glauberman on charac¬ 
teristic subgroups and p-stability (see HSHH). To discribe the connection, we hrst need to 
dehne the Thompson subgroup of a p-group P: the Thompson subgroup J(P) is then the 
subgroup of P generated by the abelian subgroups of P that have maximal order among all 
abelian subgroups of P. Glauberman in PI shows that if G is a hnite group and p an odd 
prime with Gp G Sylp(G) such that Qd(p) is not involved in G, then Z{J{Gp)) is strongly 
closed in Gp with respect to G. If, in addition, Z{J{Gp)) is contained in every elementary 
abelian p-subgroup of Gp with the same rank as G, then G has a p-effective character; in 
particular, G has a p-effective character for an odd prime p if G is Qd(p)-free and J{Gp) = Gp. 
Notice that this result does not depend on the rank of G. 

5. Prime two 

The argument in this section will be done in two parts. First we will show, regarding the 
prime two, that if the sufficiency condition of Proposition 1221 does not hold for G and for 
prime 2, then G 2 G Syl 2 (G) is either dihedral, semi-dihedral, or wreathed. In the second part 
we will deal with these exceptional cases. We start with two definitions. 

Definition 37 (uni p. 191]). Recall that a 2-group is semi-dihedral (sometimes called quasi¬ 
dihedral) if it is generated by two elements x and y subject to the relations that = 1 

and yxy~^ = for some n > 3. 
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Definition 38 f jltiL p. 486]). A 2-group is called wreathed if it is generated by three elements 
X, y, and z subject to the relations that xy = yx, and zxz~^ = y with 

n > 2. 

Notice that the dihedral group of order 8 is wreathed. Now that we have these dehnitions, we 
will state Proposition EHl which is crucial in our discussion of 2 -subgroups of rank two. The 
proof of Proposition IHHl follows the proof of a theorem by Alperin, Brauer, and Gorenstein (SJ 
Proposition 7.1]. 

Proposition 39 (See Proposition 7.1 of j3] and its proof.). Let G be a finite group and 
G 2 G Syl 2 (G'). Suppose that rk(G 2 ) = 2. If fli{Z{G 2 )) is not strongly closed in G 2 with 
respect to G, then G 2 is either dihedral, semi-dihedral, or wreathed. 

Below we briefly review the proof of Proposition 7.1 of j3], including the changes needed to 
prove Proposition 1391 

Again notice that rk(Z(G 2 )) = 1 by Corollary 120 If G 2 does not contain a normal rank 
2 elementary abelian subgroup, then G 2 must be either dihedral or semi-dihedral (see HO 
Theorem 5.4.10]). We may assume that G 2 has a normal rank 2 elementary abelian subgroup, 
which we will call V. Letting T = C'g' 2 (I^), we notice that [G 2 : T] < 2. Also G 2 ^ T since 
ik{Z{G 2 )) = 1; therefore, [G 2 : T] = 2. 

Letting AciV) = NciV)/GciV), we notice that AciV) is isomorphic to a subgroup of 
Aut(l/) = S 3 and that 2 ||Ag(P)|. Thus either AciV) = S 3 or 2 = \AG{y)\. 

From the argument in jO, we get the following results: if AciV) = S„, then G 2 is wreathed, 
including the case of Dg; and if |Ag( 14)| = 2, then G 2 — Dg. This hnishes the discussion of 
Proposition EO 

We have seen that if G is a rank two hnite group, it has a 2-effective character unless a 
Sylow 2-subgroup is dihedral, semi-dihedral, or wreathed. In the rest of this section, we will 
show that in each of these three cases G also has a 2-effective character, which will complete 
the proof that a rank two hnite group has a 2-effective character. The author proved the fol¬ 
lowing three lemmas in his doctoral thesis m the proofs are included here for completeness. 
We will start with a lemma that will be used in the proof of Proposition 031 

Lemma 40. Let G be a finite group, let n = rk(G), let p a prime divisor of |G| with rkp(G) = 
n, and letGp G Sylp(G). IfGp is abelian, Gp<G, or G is p-nilpotent, then G has a p-effective 
character. 

Proof. In each case we will show that G has a p-effective character by showing that Z{Gp) is 
strongly closed in Gp with respect to G using Proposition |271 If Gp is abelian, Z(Gp) = Gp 
is obviously strongly closed in Gp with respect to G (see Corollary EHl). In the case where 
Gp < G, Z{Gp) < G because Z{Gp) is a characteristic subgroup of Gp, therefore, Z{Gp) is 
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strongly closed in Gp with respect to G. If G is p-nilpotent, then two elements of Gp are 
conjugate in G if and only if they are conjugate in Gp. Thus, in this case as well, Z{Gp) is 
strongly closed in Gp with respect to G. □ 


Lemma 41. If P is a dihedral or semi-dihedral 2-group such that \P 
there is a character x of P such that 


xig) 


3 * 2^-3 ^fg = l 

— 2 "’“^ if g is an involution 

2 ”'“^ otherwise. 


2"' with n > 3, then 


Proof. Let N be the commutator subgroup [P, P] and notice that P/N = Z /2 x Z/ 2 . Since 
Z{P) = Z/2, Z{P) C N] therefore, there is a non-trivial irreducible character A of P/N with 
X{gN) = 1 for g G Z{P) such that if p G P \ Z{P) is an involution, then \{gN) = —1. Let 
(p{g) = X{gN), which is a character of P. 


We will define another character of P by first inductively defining a character of each 02^. 
We start by letting be the character of Pg such that 

r 2 if p = 1 
= \ -2 iigeZ{D,)\{l} 

y 0 otherwise. 

For the induction, let tpk = ifk is a character of ^ 2 '= for each k >3. We see 

that if P is dihedral, then y; = 2"'“^(p + therefore. Lemmaholds for dihedral 2-groups. 
On the other hand, if P is semidihedral, x = 2"'“^(p -|- Ind^^^_^ V’n-i- D 

Lemma 42. Let G be a finite group with S G Syl 2 (G) a wreathed 2-group. //rk(G) = 2 and 
G has no normal subgroup of index 2, then G has a 2-effective character. 


Proof. Let S' be a Sylow 2-subgroup of G. We will say that S is generated by x, y, and z 
as in Dehnition EHl Let a be any primitive (2"')*^ root of unity. We will define a degree 3 
complex representation of S as follows, k : S' —GL 3 (C) is given by 

/ a 0 0 \ 

k{x) = I 0 a 0 I 

Vo 0 J 

/a 0 0 \ 

n{y) = j 0 0 

Vo 0 a / 

/ -1 0 0 
n{z) =001 

V 0 1 0 
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Let z/ be the complex character of S associated to a: for each g E S, ^{g) = tT{n{g)). We 
will now show that u is a. 2-effective character for G. 

First notice the character values on involutions. The elements of S that are involutions 
are , {xy^ , and those conjugate in S to z. Clearly u takes the value —1 for 

each of these elements. If iL is a rank 2 elementary abelian subgroup of S, then [i'Ih, 1h] = 0. 

Let So be the subgroup of S generated by x and y. S'o is an abelian normal subgroup of 
index 2. We emphasize that z is conjugate to an element of S'o, in particular to x^" , and 
[iVG(S'o) : Cg'(S'o)] = 6 (see [HI Proposition 2G*]). Now we look at fusion of elements of Sq. 
Any two elements of S'o that are conjugate in G are conjugate in Ag'(S'o) (see jHl Proposi¬ 
tion 2D]). Ng{So) is generated by Cg(S'o), the element z, and an element rj E G such that 

r]xrj~^ = y, rjyg~^ = x~^y~^, and r]{x~^y~^)r]~^ = a; jHl Proposition 2Bi]. 

To show that v respects fusion of elements in S'o, it is enough to show that ii g E S'o, 
then z/(/i) = v{zgz~^) = i'{rigri~^), assuming that such an rj exists. Notice that for any 
g E S'o, there are integers k and I with g = x^yK We see then that zgz~^ = x^y^ and 
v{x^y’‘) = -f = Vi{x^y^). Also rigri~^ = x~^y’‘~^ and h'{x^y’‘) = -f 

Q,fc-2Z _|_ Q,-2fc+Z _ (yl-k-k ^-k-2(l-k) _|_ ^2k+l-k _ i,(^x~^y^~^) . 

Next we will check fusion in elements of order at most 2”. If G S' \ S'o is of order at 
most 2”, then there is an integer h with g conjugate to x~^y~^z in S (see Lemma 4]). In 
particular, 12 (g) = i/(x~^y~^z). Recall that x~^y~^z is conjugate to -hy-h q ^ 
Proposition 2Fa]). We see that i'{x~^y~^z) = ^a~‘^^ = z/(a;^" ^~^y~^). 

At this point we have hnished the fusion of elements of order at most 2"^. Notice that 

all elements of order larger than 2™ must have order 2"^^^ and must be in S' \ S'o. Suppose 
that g E S is oi order 2™'"''^ and is conjugate to another element g' of S'. It immediately 
follows that g^g' E S \ S'o and that g and g' are conjugate in S (see [HI Proposition 2E]). 
So any character of S', in particular 12 , must agree on g and gk This concludes the proof of 
Lemma M □ 

Proposition 43 (Jackson |25)- If G is a finite group with a dihedral, semi-dihedral, or 
wreathed Sylow 2-subgroup such that rk(G) = 2, then G has a 2-effective character. 

Proof. Let G 2 E Syl 2 (G) and let n be the integer with IG 2 I = 2”. If G 2 is either dihedral or 
semi-dihedral, then there is a character of G 2 given in Lemma such that 


3 * 2”“^ 

if 17 = 1 

_2n-3 

if g is an involution 

2n-3 

otherwise . 
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Since x is constant on elements of the same order, it must respect fusion in G as in Remark 
d It is also clear that if C G 2 is a rank 2 elementary abelian subgroup, [x|e, 1^;] = 0 (see 
Remark El). X is, thus, a 2-effective character of G. 

We may now assume that G 2 is wreathed and is generated by x, y, and ^ as in Dehni- 
tionEHl III addition, let Sq be the abelian subgroup of G 2 generated by x and y. Since G 2 is 
wreathed, one of the following holds (see [H Proposition 2, p. 11]): 

(1) G has no normal subgroups of index 2 , 

( 2 ) Z{G 2 ) is strongly closed in G 2 with respect to G, 

(3) G has a normal subgroup K with Sylow 2-subgroup Sq generated by x and y, or 

(4) G is 2-nilpotent. 

Case 1 was treated in Lemma El Case 2 has been treated in Proposition El 

We now treat case 3. Suppose G has a normal subgroup K with Sylow 2-subgroup Sq 
generated by x and y. Notice that G 2 H iC = Sq. We see that Sq is weakly closed in G 2 
with respect to G. By a standard result of Burnside (see [HI 37.6]), Ng{Sq) controls fusion 
in Gg2 (5 'o) = Sq. Also notice that any element of G 2 \ Sq is conjugate in G to only those 
elements to which it is conjugate in G 2 . Using the Frattini factor subgroup of Sq, we notice 
that Nq{Sq)/Gg{Sq) is isomorphic to a subgroup of S 3 (see jHl Page 264] or jH Page 12]). 
We may assume that Z{G 2 ) is not strongly closed in G 2 with respect to G, otherwise the 
group is treated in case 2. In particular, this implies that SLi{Z{G 2 )) = {{xyY" ) is not 
strongly closed in G 2 with respect to G. The involution {xyY'^ must then be conjugate 
in Ng{Sq) to another involution in Sq. Thus, Ng{Sq)/Gg{Sq) must not be a two group and 
must also have order divisible by two since Sq < G 2 . Ng{Sq)/Gg{Sq) = S 3 , and we notice 
this symmetric group permutes the elements x, y, and xy, furthermore, the character x of 
G 2 given in Lemma El is again a 2 -effective character in this case. 

Case 4 was treated in Lemma El □ 

To conclude Section El we state the following theorem whose proof has now been completed. 
Theorem 44. Every rank two finite group G has a 2-efifective character. 

6. Counterexample 

Looking at Section El one may wonder if a similar argument can be made for odd primes. 
However, this is not the case as we will show in the following proposition. 

Proposition 45. Let p be an odd prime and G be a rank two finite group. If Qd{p) is 
involved in G and if G and Qd{p) have isomorphic sylow p-subgroups, then G does not have 
a p-effective character. In particular, Qd{p) does not have a p-effective character for an odd 
prime p. 
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Proof. Let Gp G Sylp(G). Notice that Gp, which is isomorphic to a Sylow p-subgroup of 
Qd(p), is an extra-special p-group of size p^ and exponent p. Let Xi, • • •, An be the irredncible 
characters of Gp and assnme that xi is the trivial character. Notice from the strnctnre of 
Gp that if Ai(l) 7^ 1) then for g G Gp, Xiid) 7 ^ 0 if and only if p G Z{Gp). Also notice that 
Z(Gp) is cyclic of order p and Z{Gp) is not strongly closed in Gp with respect to G. Let 
X G Z{Gp) and y E Gp\ Z{Gp) snch that there is a p G G with = x. Snppose y is a 
character of Gp that is a p-effective character of G. There exists Oi,..., a„ G Z>o snch that 
A = Er=i ttiXi- Since A is a p-effective character of G, it respects fnsion in G, which implies 
xi.^) = x{y) and Oi = 0. Snppose that a* > 0 for some i > 1 with Ai(l) = 1- Fixing this i, 
let Ei = {g E Gp\xi{g) = !}• Notice that for snch an i, Ei is a rank two elementary abelian 
snbgronp of Gp. This implies that [AiUiAEj = 1, so [AUiAEj > 0, which contradicts the 
assnmption that A is a p-effective character of G; therefore, for each i such that Ai(i-) = 1) 
tti = 0. Now 

X{x) = ^ aiXi{x) + ^ Oi 

i such that xi(l)7l * such that xi(l)=l 

= (^iXi{y) = x{y)- 

i such that xi(l)=l 

a(p) = 0; therefore, x(x) = 0. x(^) = 0 for all z G Z{Gp) \ {1} because Z{Gp) is a cyclic 
group of order p. Notice that in showing x(^) = 0 for each 2 ; G Z{Gp) \ {!}, we see that 
x{g) = 0 for all g E Gp \ Z{Gp) by the structure of G; thus, x(p) = 0 for all g E Gp \ {!}. y 
must be identically zero, which contradicts the dehnition of p-effective character. □ 

Lemma 46. Let G he a finite group with p a prime dividing |G| and HOG. Suppose that p 
divides \H\ and that ikp^G) = rkp(iL). If G has a p-effective character, so does H. 

Proof. We may assume that rkp(iL) = rk(G). Let Gp E Sylp(G) such that Hp = Gp D H E 
Sy\p{H). Let A be a character of Gp that is a p-effective character of G. xl^p is a character 
of Hp, which is not identically zero. x\hp respects fusion in H because y respects fusion in 
G. Any maximal rank elementary abelian subgroup of Hp is also a maximal rank elementary 
abelian subgroup of G^; therefore, x\hp is a p-effective character of H. □ 

Combining Lemma 1321 with Theorems |321 and EJ we get the following theorem from which 
Remark follows: 

Theorem 47. Let G he a finite group of rank two and let p he a prime dividing |G|. G has 
p-effective character if and only if either p = 2 or bothp > 2 and G does not p'-involve Qd{p). 

In showing that a hnite group G of rank two acts freely on a hnite complex R ~ x S'", we 
show that G acts on a hnite complex X ~ with isotropy groups of rank one and then we 
apply Theorem O Ozgun Unlu j21] and Grodal USI have shown separately that for each odd 
prime p, Qd(p) cannot act on any hnite complex homotopy equivalent to a sphere with rank 
one isotropy groups. From both of their proofs it is clear that for any odd prime p and rank 
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two group G that p'-involves Qd(p), G cannot act on any finite complex homotopy equivalent 
to a sphere with rank one isotropy groups. 

Combining this discussion with Theorem and the discussion in Section |21 we conclude 
with the following proposition: 

Proposition 48. LetG be a finite group of rank two. G nets on some finite eomplex homotopy 
equivalent to a sphere with rank one isotropy groups if and only if for each odd prime p, G 
does not p'-involve Qd{p). 
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